A subgroup H of a finite group G is called SS-supplemented in G if there exists a subgroup K of G such that HK = G and H ∩ K is S-quasinormal in K. In this paper, we characterize the finite groups in which every subgroup is SS-supplemented and the influence of SS-supplementation of some subgroups on the structure of finite groups is considered. Some recent results on SS-quasinormal subgroups and C-supplemented subgroups are strengthened and enriched.
permutable products of finite groups, and consequently many interesting results have been given (for example, see [4, 6] ).
Motivated by the above results, we now call a subgroup H of a group G SSsupplemented in G if there exists a subgroup K of G such that G = HK and H ∩ K is an S-quasinormal subgroup in K. In this case, the subgroup K is said to be an SS-supplement of H in G.
Recall that a subgroup H of a group G is S-quasinormal in G if H permutes with every Sylow subgroup of G. After the introduction of the above concept by Kegel (see [19] ), the structure of a group has been extensively investigated under some additional assumptions on the subgroups of a given group (see [2, 24] ). On the other hand, a subgroup H of a group G is called a complemented subgroup of G if there exists another subgroup K of G such that G = HK and H ∩ K = 1. By using the concept of complemented subgroups, Hall established a fundamental theorem for solvable groups in [14] by proving that a group G is solvable if and only if every Sylow subgroup is complemented. Recently, the authors have also investigated the finite p-nilpotent groups with some subgroups c-supplemented in [13] . Research on the complemented subgroups of a given group still continues and many related results have been recently obtained (see [5, 11, 12] ).
In this paper, we first describe the relationship between the SS-supplemented subgroups and the complemented subgroups or S-quasinormal subgroups of a given group G. Next, we study the structure of the finite groups whose subgroups are SSsupplemented. Some applications of our results are considered so that a number of related results in the literature are extended and generalized.
Preliminaries.
In this section, we first discuss the properties of SSsupplemented subgroups and give some lemmas which will be used in the sequel. For the sake of convenience, we recall that a subgroup H of a group G is C-supplemented in G if there exists a subgroup K of G such that G = HK and H ∩ K ≤ H G (see [7] ), where H G is the core of H in G. It is obvious that a subgroup H of a group G is C-supplemented in G if and only if there exists a subgroup K 1 of G such that G = HK 1 and H ∩ K 1 = H G . Hence, the concept of C-supplemented subgroups can be regarded as a generalization of both C-normal subgroups and complemented subgroups; therefore, it is worthwhile to investigate the structure of a group by considering its C-supplemented subgroups. On the other hand, we recall a new concept (see [21] ), which is a generalization of S-quasinormality. A subgroup H of a group G is called to be SS-quasinormal in G if there is a subgroup K of G such that G = HK and H permutes with every Sylow subgroup of K. Many interesting results on SS-quasinormality of a group have been recently given by Li and others (for instance, see [21, 22] ). DEFINITION 2.1. A subgroup H of a group G is said to be SS-supplemented in G if there exists a subgroup K of G such that G = HK and H ∩ K is S-quasinormal in K. In this case, we say that K is an SS-supplement of H in G.
It is clear that a C-supplemented subgroup of a group G must be SS-supplemented in G. We now assume that H is a SS-quasinormal subgroup of a group G. Then, there exists a subgroup K of G such that G = HK and H permutes with every Sylow subgroup of K. Let P be a Sylow subgroup of K. Then, by HP = PH, we deduce that (H ∩ K)P = P(K ∩ H). This shows that H must be SS-supplemented in G. On the other hand, a SS-quasinormal subgroup of a group may not be C-supplemented and a C-supplemented subgroup of a group may not be SS-quasinormal (see Example 2.2). Furthermore, the following Example 2.3 illustrates that a SS-supplemented subgroup of a group may be neither C-supplemented nor SS-quasinormal. Hence the class of all SS-supplemented subgroups in a group contains properly both the class of all Csupplemented subgroups and the class of all SS-quasinormal subgroups in the group. EXAMPLE 2.2. Let G = S 4 be the symmetric group of degree 4 and let H = (34) . Then, H is C-supplemented in G since G = HA 4 and H ∩ A 4 = 1. However, H is not SS-quasinormal in G because HP = PH when P = (123) .
Let P = x, y :
It is easy to see that H = y 2 is S-quasinormal in P and so SS-quasinormal in P. However, H is not C-supplemented in P. EXAMPLE 2.3. Let G be the direct product of S 4 and P with S 4 and P as in Example 2.2. Now let H = C 2 × P 1 , K = A 4 × P, where C 2 = (34) , P 1 = y 2 and A 4 is the alternating group of degree 4. Then,
We now give some basic properties of SS-supplemented subgroups. Proof. By the hypotheses, there exists
This shows that H is SS-supplemented in M and thus (1) Recall that a class F of groups is called a formation if 
SS-supplemented subgroups of a group.
A group G is said to be SSsupplemented if every subgroup of G is SS-supplemented in G. In this section, we first investigate the solvability of groups by using SS-supplemented subgroups and then the SS-supplemented group will hence be characterized.
THEOREM 3.1. Let G be a group. Then, G is solvable if and only if every Sylow subgroup of G is SS-supplemented in G.

Proof. If the given group G is solvable, then every Sylow subgroup of G is complemented and hence G is SS-supplemented.
Conversely, we assume that every Sylow subgroup P of G is SS-supplemented in G. Then, by definition, there exists K ≤ G such that PK = G and P ∩ K is S-quasinormal in K. By Lemma 2.5, P ∩ K is subnormal in K. Note that since P ∩ K is a Sylow subgroup of K, we can easily see that P ∩ K is also a normal Sylow subgroup of K. By applying the Schur-Zassenhaus theorem [9, Theorem 6.
By using the same arguments as in Theorem 3.1, we deduce the following corollary.
COROLLARY 3.2. Let G be a group and H a Hall subgroup of G. Then H is complemented in G if and only if H is SS-supplemented in G.
If we only assume that all maximal subgroups are SS-supplemented in a group G, then G need not be solvable. In fact, L 2 (7), L 2 (11) and L 5 (2) are nonabelian simple groups in which every maximal subgroup is complemented (see [20] , main theorem). However, we have the following result.
THEOREM 3.3. Let G be a group. Then, G is solvable if and only if every maximal subgroup of G has a subnormal SS-supplement in G.
Proof. Let G be a solvable group and H a maximal subgroup of G. We now proceed to show that H has a subnormal SS-supplement in G. Assume that H G = 1. Consider G/H G . By using induction on |G|, we know that H/H G has a subnormal
Conversely, assume that the result is not true so that we can let G be a counterexample of minimal order. Consider a maximal subgroup H of G. Then there exists a subnormal subgroup K of G such that HK = G and H ∩ K is S-quasinormal in K. If G is a nonabelian simple group, then K = G since H = G. By Lemma 2.5, we know that H is subnormal in G and hence H = 1. It follows that G is solvable, which is a contradiction. Now, we let N be a minimal normal subgroup of G. Then, it is easy to see that the hypothesis is still true for the quotient group G/N. By the minimality of G, we infer that G/N is solvable. Furthermore, we may assume that N is the unique minimal normal subgroup of G and N is not contained in (G). Then, in this case, we can let M be a maximal subgroup of G with M G = 1. By our hypothesis, there exists a subnormal subgroup
We also get L = 1, a contradiction. Hence M ∩ K = 1. By using the same arguments, we can similarly prove that all minimal subnormal subgroups of G are contained in N. [8, A, 17.2] that either N is the unique minimal normal subgroup of G and C ≤ N or G has precisely two minimal normal subgroups N and R so that N R is nonabelian, and hence, R = C and N ∩ H = 1 = R ∩ H. By our hypotheses, we deduce that H ∩ K is S-quasinormal in K and therefore, by Lemma 2.5, we know that H ∩ K is subnormal in K and is hence in G. Now, assume that H ∩ K = 1 and let L be a minimal subnormal subgroup of This shows that L is not contained in N and L is analogously not contained in R.
On the other hand, by Lemma 2.7, we have NL = N × L and therefore L ≤ C, which contradicts C ≤ N or C = R. Hence, we conclude that H ∩ K = 1. This implies that G = [K]H and K is a minimal normal subgroup of G. Now, we let T be a minimal normal subgroup of H. Then, T is clearly an elementary abelian p-group for some p ∈ π (H). Since C K (T) is normalized by both H and K, we know that
H and so K = Q is a q-group. This implies that G is a solvable group, a contradiction. Thus, the proof is completed.
We now characterize the SS-supplemented groups. THEOREM 3.6. Let G be a group. Then, the following statements are pairwise equivalent.
(
1) G is an SS-supplemented group. (2) G is supersolvable, every Sylow subgroup of G/ (G) is elementary abelian and every subgroup of (G) is S-quasinormal in G.
3) every subgroup of G/ (G) is complemented and every subgroup of (G) is Squasinormal in G.
Proof. (1) ⇒ (2). We first prove that G is supersolvable. By the hypotheses and Theorem 3.1, G is solvable. Let N be a minimal normal subgroup of G. Then, N is an elementary abelian p-group for some prime p. By Lemma 2.4(2), it is known that G/N is SS-supplemented and hence G/N is supersolvable by induction. It follows that in order to prove that G is supersolvable, it suffices to prove that N = x is cyclic. Let P be a Sylow p-subgroup of G and let x ∈ N ∩ Z(P) with |x|= p. Then, there exists K ≤ G such that x K = G and x ∩ K is S-quasinormal in K. Since x ∩ K is nomalized by all p -elements of K and centralized by P, It follows that x ∩ K is a normal subgroup of G. By minimality of N, x ∩ K = 1 or N ≤ K. Assume that x ∩ K = 1. By order considerations, it follows that N = x . Assume now that N ≤ K.
Let P be a Sylow p-subgroup of G and H is a subgroup of (P). Then by Lemma 2.4(4), H is S-quasinormal in G. By Lemma 2.6, we deduce that (P) is normal in G. Hence, (P) ≤ (G) and, therefore every Sylow subgroup of G/ (G) is elementary abelian. The last argument follows from Lemma 2.4(4).
2)⇒ (3). This part follows from [15, Theorem 2]. (3)⇒ (1). Assume that every subgroup of G/ (G) is complemented and every subgroup of (G) is S-quasinormal in G. Let H be a subgroup of G. Then, there exists a subgroup K/ (G) of G/ (G) such that (H (G)/ (G))(K/ (G)) = G/ (G) and (H (G)/ (G)) ∩ (K/ (G)) = (H ∩ K) (G)/ (G) = 1. It follows that HK = G and H ∩ K ≤ (G). Hence, H ∩ K is S-quasinormal in G. By definition, H is SS-
supplemented in G and hence G is an SS-supplemented group. The proof of theorem is now complete.
Applications.
In this section, we concentrate on the structure of a group under the assumption that some subgroups of Sylow subgroups are SS-supplemented. Many known results will be generalized. In our first result, the p-nilpotency of a group is studied. THEOREM 4.1. Let G be a group and let p be the smallest prime divisor of |G|.
Let P be a Sylow p-subgroup of G. If every maximal subgroup of P is SS-supplemented in G, then G is p-nilpotent.
Proof. Assume that the theorem is false and let G be a counterexample of minimal order. Then, it follows from [16, IV, 2.8] that P is not cyclic. Let P 1 be a maximal subgroup of P. Then, there exists K ≤ G such that P 1 K = G and P 1 ∩ K is S-quasinormal in K. It follows from Lemma 2.6 and |P ∩ K : 
. By the choice of G, it implies that N G (M) < G and P ∩ N G (M) < P. Now, choose a maximal subgroup P 2 of P such that P ∩ N G (M) ≤ P 2 . By repeating the above argument once again, we can show that there also exists
, where M 1 is a Hall p -subgroup of G. If p = 2, then by applying the Gross theorem [10, main theorem], we obtain that M g 1 = M for some g ∈ P. If p > 2, then the odd order theorem implies the same conclusion. Therefore,
The proof is completed.
THEOREM 4.2. Let F be a saturated formation containing the class U of all supersoluble groups and H a normal subgroup of a group G such that G/H ∈ F. If all maximal subgroups of every non-cyclic Sylow subgroup of H are SS-supplemented in G, then G ∈ F.
Proof. Let p be the smallest prime divisor of |H| and P a Sylow p-subgroup of H. If P is cyclic, then by [16, IV, 2.8] , H is p-nilpotent. If P is non-cyclic, then by Lemma 2.4 (1) and Theorem 4.1, we deduce that H is p-nilpotent. By using the same argument and induction, we may conclude that H is a Sylow tower group. Now, let q be the largest prime dividing |H| and Q a Sylow q-subgroup of H. Then, Q is normal in G. If Q 1 is a normal subgroup of G with 1 = Q 1 ≤ Q, then, by Lemma 2.4 (2) or (3), G/Q 1 satisfies the hypotheses of the theorem and therefore we have
Hence, in this case, we may assume that Q is not contained in (G) and Q is a minimal normal subgroup of G. If Q is not a cyclic group, then we let {N 1 , . . . , N t } be the set of all maximal subgroups of Q. For each N i , by the hypotheses, there exists
k for some nonnegative integer k. It hence follows from [16, III, 8.5(d) ] that some maximal subgroup of N is normal in G, which is a contradiction. This shows that Q is a cyclic group of order q. By Lemma 2.8, we conclude that G ∈ F. The proof is completed. Proof. Let M be a maximal subgroup of G not containing F(H) . Then, by Lemma 2.9, it suffices to prove that F(H) ∩ M is maximal in F(H). To proceed with the proof, let P be a Sylow p-subgroup of F(H) not contained in M and let
Then, P 1 is a maximal subgroup of P and P 1 ∩ M = P ∩ M. Now, we suppose that P ∩ (G) = 1. Then, we can let N be a minimal normal subgroup of G contained in P ∩ (G). In this case, we have F(H)/N = F(H/N) and G/N satisfies the hypotheses. By using induction, we know that G/N ∈ F and therefore G ∈ F. Hence, we may assume that P ∩ (G) = 1 and therefore (P) = 1. Thus, P ∩ M G and P ∩ M ≤ (P 1 ) G . It hence follows that (P 1 ) G M < G and so P ∩ M = (P 1 ) G . By the hypotheses, there exists
On the other hand, since PK 1 = G and P is abelian, we have that
It follows that P ∩ K = P by order considerations and so P ≤ K. This proves that Proof. Suppose that the theorem is false and let G be a counterexample of minimal order. Then, every proper normal subgroup of G containing F * (H) is supersolvable. In fact, let N be a proper normal subgroup of G containing 
Suppose that P ∩ (G) = 1, and let N be a minimal normal subgroup of G contained in P ∩ (G). Then, F(G)/N = F(G/N) and G/N satisfies the hypotheses. By the minimality of G, G/N is supersolvable and so does G. Hence, P ∩ (G) = 1, and therefore (P) = 1 and P is abelian.
Let P 1 be a maximal subgroup of P. Then, there exists K ≤ G such that Proof. Assume that the theorem is false and let G be a counterexample of minimal order. Then, by Lemma 2.4(1), G is a minimal non-p-nilpotent group (that is, G is not p-nilpotent but every proper subgroup of G is p-nilpotent). Now by invoking a known result of Itô [16, III, 5 .4], we know that G is a minimal non-nilpotent group. According to a result of Schmidt in [16, III, 5.2] , G has a normal Sylow p-subgroup P such that G = PQ for a Sylow q-subgroup Q (q = p).
Let P 0 ≤ P with order p. Then, there exists K ≤ G such that
which is a contradiction. If P 0 ≤ K, then P 0 is S-quasinormal in G and therefore P 0 Q is a group. By the choice of G, we have P 0 Q < G and hence P 0 Q = P 0 × Q. It follows that Q centralizes 1 (P). If C G ( 1 (P)) < G, then C G ( 1 (P)) is nilpotent and so Q G, again a contradiction. This leads to C G ( 1 (P)) = G and 1 (P) ≤ Z(G). If exp P = p, then G is p-nilpotent, a contradiction. Thus, p = 2 and exp P = 4. Let x ∈ P with | x | = 4. Then, there exists T ≤ G such that x T = G and x ∩ T is S-quasinormal in T. If |G : T| = 4, then x 2 T G and hence Q G, again a contradiction. In the case |G : T| = 2, we also have Q G, the same contradiction. Therefore T = G and x is S-quasinormal in G. By the choice of G, we have x Q < G and hence x centralizes Q. Thus, again we have Q G, a contradiction. The proof is completed.
Finally, we formulate another new theorem which also gives some other conditions for a finite group to be p-nilpotent. 4 (1) and the choice of G we can deduce that M is p-nilpotent. Thus, G is a minimal non-p-nilpotent group, and consequently, G has a normal Sylow p-subgroup P such that G = PQ, where Q is a Sylow q-subgroup of G with q = p.
Let H ≤ G with |H| = p 2 . Then, there exists K ≤ G such that HK = G and H ∩ K is S-quasinormal in K. Without loss of generality, we may assume that Q ≤ K. Suppose H ∩ K = 1, then K is nilpotent. Let K p be a Sylow p-subgroup of K and P 1 is a maximal subgroup of P containing K p . Then, N K (K p ) contains P 1 and Q. It follows that |G :
However, it follows that Q is normal in G, a contradiction. Assume that K p G. We consider the group G = G/K p . Clearly, G/C G (P) is isomorphic to a subgroup of Aut(P) so that q | p 2 − 1 = (p − 1)(p + 1). This implies that p = 2 and q = 3. Hence, G/ (Q) is isomorphic to A 4 , a contradiction.
If |H ∩ K| = p, then K G. Hence Q G, again a contradiction. Now, we have H ≤ K and thereby H is S-quasinormal in G. If HQ = G, then P = H is not cyclic. Clearly, C G (P) < G. Now, G/C G (P) is isomorphic to a subgroup of Aut(P) so that p = 2 and q = 3. Hence, G/ (Q) is isomorphic to A 4 , which is a contradiction. Thus, HQ < G and HQ is nilpotent. It follows that P normalizes Q, which is a contradiction. Thus the proof is completed.
